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Goal

(I) In a first part we will prove that many interesting L-functions
attached to modular forms have analytic continuation and
functional equations, by pushing the argument for the
meromorphic continuation of real analytic Eisenstein series
(for SLa(Z)) to its limits.
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Goal

In a first part we will prove that many interesting L-functions
attached to modular forms have analytic continuation and
functional equations, by pushing the argument for the
meromorphic continuation of real analytic Eisenstein series
(for SLa(Z)) to its limits.

In a second part we introduce a class of operators on spaces
of modular forms, which play a fundamental role and allow
one to isolate a class of very nice modular forms, whose
[-functions behave like those of Dirichlet characters, for
instance they have interesting Euler product factorisations.
These modular forms have amazing arithmetic properties.



Goal

(I) We will work at level ' = I'g(N), for some positive integer
N, where

o) == (2 ) esta@in= (5 1) (mod n).

For N =1 we have 'y(N) = SL2(Z), and we call this simply
r(1).
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(I1) Note that I'g(N) has finite index in (1), more precisely
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Goal

(I) We will work at level ' = I'g(N), for some positive integer
N, where

o) == (2 ) esta@in= (5 1) (mod n).

For N =1 we have 'y(N) = SL2(Z), and we call this simply
r(1).

(I1) Note that I'g(N) has finite index in (1), more precisely

[F(1): To(M)] = N]J(L+p7H).

pIN

(|||) We let Mk(N) = Mk(ro(N)) and Sk(N) = Sk(ro(N)) If
N =1 we simply write My, S.



Mellin transform

(I) The general machinery for analytic continuations and
functional equations is quite simple. Let € C*°((0, x0))
and c¢,v > 0 be such that

®(t) = O(e™),t — oo, ®(t) = O(t™" ), t —» 0.
The Mellin transform of ® is defined by
o dt
Mo(s) = / ¢(t)t57.
0

It is holomorphic in Re(s) > 1+ v.



Mellin transform

(I) The general machinery for analytic continuations and
functional equations is quite simple. Let € C*°((0, x0))
and c¢,v > 0 be such that

®(t) = O(e™),t — oo, ®(t) = O(t™" ), t —» 0.
The Mellin transform of ® is defined by
o dt
Mod(s) = / d(t)t"—.
0 t
It is holomorphic in Re(s) > 1+ v.

(I1) In practice we take ®(t) = > -, ane” " with ¢ >0,
ap = O(n"). In this case we have the crucial identity

Md(s) = c°T(s)L(s), Re(s) > 1+ v,

(s):= "2 r(s) = /OOO 5= M= exp)(s).

X
n>1



Mellin transform

(I) In practice the interesting function is s — L(s), and the
previous identity (plus classical properties of I', for instance
1/T extends to a holomorphic function on C, vanishing at
negative integers) allows one to study L(s) via M®(s).
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Mellin transform

In practice the interesting function is s — L(s), and the
previous identity (plus classical properties of I', for instance
1/T extends to a holomorphic function on C, vanishing at
negative integers) allows one to study L(s) via M®(s).

The Mellin transform is a version of Fourier transform, thus
one expects to recover ¢ from M®. This can be done,
thanks to:

Theorem For all ¢ > 1+ v we have

1
2im Re(s)=c



Mellin transform

(I) The proof is simple: letting f(x) = e*®(e*), we have

° i, dt
MCD(c—i—iu):/ oty %
0

/d)(ex)ex(c"'i“)dxz/f(x)eixudx.
R

R
Fourier inversion then finishes the proof.



Mellin transform

(I) The proof is simple: letting f(x) = e*®(e*), we have

° i, dt
MCD(c—i—iu):/ oty %
0

/d)(ex)ex(c"'i“)dxz/f(x)eixudx.
R

R
Fourier inversion then finishes the proof.

(I1) For many ® one can extend M® meromorphically to C using
the same trick as the one used for Eisenstein series in the
previous lecture:

1 0o
mo(s) = [ ewef+ [ ewed -

dt
-

=meu*ﬁﬂ+¢MP>



Mellin transform

(1) If p(t~1) behaves well enough the integral converges
absolutely for all s € C and the resulting function is
holomorphic in s. If there are k € R, c € {—1, 1} such that
o(t71) = cthp(t), then the integral expression above gives
the functional equation

M®(k — s) = cMd(s).

This will be our main source of analytic continuation and
functional equations!



L-functions of modular forms

(I) For instance, take f =" -; a,q" € Sk. The L-function of
f >
dn
L(s) = L(f,s) = p
n>1

and the completed L-function of f
N(f,s) = (2m)"°T(s)L(f,s)

are of fundamental importance.



L-functions of modular forms

(I) For instance, take f =" -; a,q" € Sk. The L-function of
f >
dn
L(s) = L(f,s) = p
n>1
and the completed L-function of f
N(f,s) = (2m)"°T(s)L(f,s)

are of fundamental importance.

(I1) Note that by the above discussion A(f,) is simply the
Mellin transform of

(D(t Z a,e 7277!71:

n>1
Since f(—1/z) = z¥f(z), we have
O(1/t) = itkd(t) = (~1)2tko(t).



L-functions of modular forms

(I) We say that a function F is EBV if F is entire (i.e.
holomorphic on C) and bounded on any vertical strip
a < Re(s) < b. The previous discussion gives:

Theorem (Hecke) If f € Sk then s — A(f,s) extends to a
EBV function satisfying the functional equation

Ak —s) = (=1)/2\(s).

Thus L(f,«) extends to an entire function, having (trivial)
zeros at integers n < 0.

The values L(f,n) for 1 < n < k — 1 have very interesting
arithmetic signification (at least for a class of modular forms
we'll encounter later on, called eigenforms).



L-functions of modular forms

(I) Amazingly, the above properties of the L-function
characterise elements of Sy.

Theorem (Hecke's converse theorem) Let f =37 -, a,q"
be a holomorphic function on ¢ such that a, = O(n") for
some v > 0. If

an

A(s) == (21)~5T(s) S 20

s
n>1

extends to an EBV function satisfying
Ak —s) = (=1)*A(s),

then f € 5.



L-functions of modular forms

(1) Let &(t) = f(it), we need to show that ®(1/t) = i“tkd(t),
since this implies f(—1/z) = zXf(z). As above, we have
A(s) = Md(s).



L-functions of modular forms

(1) Let &(t) = f(it), we need to show that ®(1/t) = i“tkd(t),
since this implies f(—1/z) = zXf(z). As above, we have
A(s) = Md(s).

(I1) The inversion formula for Mellin transforms gives for
t>0,0>1+4+v

o(t) = —— A(s)t~<ds
B 2im Re(s)=c

and similarly, using the functional equation of A we obtain

2imT

it) =k _ L s)t°ds.
(074 e/0 =g [ A



L-functions of modular forms

(I) To show that these two integrals are the same, integrate the
holomorphic map F(s) = A(s)t™° over the rectangle with
vertices (o, T),(k—0,T), (k—0,—T),(o,—T) with T
large enough. It suffices to prove that

lim / F(u+iT)du=0.
k

[T|—00 Jk—0o



L-functions of modular forms

(I) To show that these two integrals are the same, integrate the
holomorphic map F(s) = A(s)t™° over the rectangle with
vertices (o, T),(k—0,T), (k—0,—T),(o,—T) with T
large enough. It suffices to prove that

lim / F(u+iT)du=0.
k

[T|—00 Jk—0o

(I1) This is an application of the Phragmen-Lindelf principle in
complex analysis, which implies that |A(s)| = O(1/]s]|)
uniformly in k — o < Re(s) < 0.



L-functions of modular forms
(I) Things are quite a bit more complicated if N > 1. The
matrix (I(\)/ _01) normalizes 'p(/N) and we obtain an

operator W)y (called the Fricke involution) on M(N),
preserving Si(N) and satisfying
-1

Wy f(z) = N*k/zz*kf(m).

The same argument gives
Theorem If f € Sk(N), then
A(f,s) == N¥275T(s)L(F,s)
extends to an EBV function satisfying
A(f,s) = iIKN(WnF, k — s).



L-functions of modular forms

(I) For the interesting modular forms we'll see later on (called
primitive forms) Wy f = ef for some € € {—1,1} and so for
these we get a nice functional equation.
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L-functions of modular forms

For the interesting modular forms we'll see later on (called
primitive forms) Wy f = ef for some € € {—1,1} and so for
these we get a nice functional equation.

There is also an analogue of Hecke's converse theorem, but
it is much more delicate to state and to prove. This is called
Weil's converse theorem, and essentially characterises cusp
forms in terms of L-functions of various twists

fex:= Z anx(n)q"

n>1

of f by Dirichlet characters x mod D, for various D. The
precise statement is very technical and skipped.



The Petersson inner product

(I) We have already seen that cuspidal automorphic forms of
level T for G = SLL»(R) are in L?(I'\G), and that any

f € Si(I') (with k > 1) gives rise to a cuspidal automorphic
form of level I' for G.



The Petersson inner product

(I) We have already seen that cuspidal automorphic forms of

(1)

level T for G = SLL»(R) are in L?(I'\G), and that any
f € Si(I') (with k > 1) gives rise to a cuspidal automorphic
form of level I for G.

Say I has finite index in ['(1) and, for simplicity, that

—1 € T. We get an embedding S,(I') C L?(I'\G), inducing a
Hilbert structure on the (finite-dimensional!) vector space
Sk(I). Unwinding definitions, we see that up to a constant
this inner product can be expressed directly as

(f.g) = f(2)g(2)Im(z)"dpu(z).

M) : T Jre

It is independent of the choice of I for which both f, g are
modular of level I and it will play a major role in the sequel!



The Petersson inner product

(I) More precisely, if F¢, Fz are the automorphic forms attached
to f,g € Sk(I) (recall that Fr(x) = f(x.i)u(x,)~¥)

(Ff, Fg)i(ne) = /r\(; Fr(x)Fg(x)dx =

/ f(x.)g(x.1)|pu(x, )| % dx = / f(x.1)g(x.))Im(x.i)*dx
nG

NG
_ /  F(2)g(@)Im(2)*dp(z) = [F(1) : T){F. g).
N

The next-to-last equality follows by K-invariance on the right

of the map x — f(x.i)g(x.i)Im(x.i)¥.




The Petersson inner product

(I) More precisely, if F¢, Fz are the automorphic forms attached
to f,g € Sk(I) (recall that Fr(x) = f(x.i)u(x,)~¥)

(Ff, Fg)i(ne) = /r\(; Fr(x)Fg(x)dx =

/ f(x.)g(x.1)|pu(x, )| % dx = / f(x.1)g(x.))Im(x.i)*dx
nG

NG
_ /  F(2)g(@)Im(2)*dp(z) = [F(1) : T){F. g).
N

The next-to-last equality follows by K-invariance on the right

of the map x — f(x.i)g(x.i)Im(x.i)¥.

(II) The independence of (f, g) with respect to I' (for which both
f,g are modular) is then trivial.



The Rankin-Selberg method
(1) Let f,g € S5k(I') and let

anbn

s

L(f©8,5)=((2s -2k +2))

n>1

This is called the Rankin-Selberg convolution of L(f,s)
and L(g,s). It is holomorphic in Re(s) > k + 1 by the trivial
bound.

Theorem (Rankin-Selberg) The series defining L(f ® g, s)
converges absolutely if Re(s) > k and L(f ® g, ) extends
meromorphically to C. This function may have a simple pole
at s = k, where the residue is

3 (4m)k

ReSSZkL(f(XJE’,o) = ;(k — 1)! <f,g>.




The Rankin-Selberg method

(I) The convergence in the theorem is highly nontrivial. Using a
hard theorem of Landau from analytic number theory,
Rankin deduced that for f € S, (Io(N)) we have

k 2
> lan(F)? = i(/i4j)1); (F, F)x* + O(x*~3)

and



The Rankin-Selberg method

(I) The convergence in the theorem is highly nontrivial. Using a
hard theorem of Landau from analytic number theory,
Rankin deduced that for f € S, (Io(N)) we have

k 2
> lan(F)? = 7?;(154j)1); (F, F)x* + O(x*~3)

n<x

and

an(f) = O(n?5).
(I1) Again, we have a functional equation:
Nf®g,s)=Nf®g,2k—1—s5),
where

Nf®g,s)= (27r)’25F(s)F(s —k+1)L(f®g,s)



The Rankin-Selberg method

(I) The proof of the theorem crucially relies on real analytic
Eisenstein series (which had a different name in lecture 6)

s

1 y® ¢(2s) y
E - = g -z
(s.2) > > lcz + d| 5 . lcz + d|
(C,d)EZz\{(0,0)} ged(c,d)=1




The Rankin-Selberg method

(I) The proof of the theorem crucially relies on real analytic
Eisenstein series (which had a different name in lecture 6)

E(s,z) = % Z AN C.) Z Y

2s 2s
(c,d)eZ2\{(0,0)} |CZ T d| 2 ged(c,d)=1 |CZ T d|

s

(I1) The version at level I := 'o(N) (and the cusp oo) is

S

y® 1 y
E, = 7 = AR
N(S’ Z) Z |CZ + d|2s 2 Z |CZ + d|2s
YEM o\l ged(c,d)=1,N|c

The Mobius inversion formula allows one to relate this to
E(s, z).



The Rankin-Selberg method

(I) More precisely, using the Mobius function we can rewrite
(details left as an exercise)

1 S
En(s,z) = 5 Z Z M(e)\cz—)f/-id\k

(c,d)€Z?\{(0,0)} elgcd(c,d)

N|c
= S E(s Nef)N/d) S Y ple)e =
d|N gcd(N,e)=d
_ 1 wd) o Nz
= W (P )2s) & o L)

d|N



The Rankin-Selberg method

(I) More precisely, using the Mobius function we can rewrite
(details left as an exercise)

1 S
En(s,z) = 5 Z Z M(e)\cz—)}/-id\k

(c,d)€Z?\{(0,0)} elgcd(c,d)

N|c
= S E(s Nef)N/d) S Y ple)e =
d|N gcd(N,e)=d
_ 1 wd) o Nz
T W TP B0 o o )

(I1) The properties of E(s, z) established in the previous lecture
then ensure that Epy also extends meromorphically to C.



The Rankin-Selberg method
(I) More precisely, letting
A(s) :=7°T(s)¢(2s),

the map s — A(s)En(s) has a unique pole at 1 in the region
Re(s) > 1/2, this pole is simple with residue m Also,
it satisfies a functional equation.
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The Rankin-Selberg method

More precisely, letting

A(s) :=7°T(s)¢(2s),

the map s — A(s)En(s) has a unique pole at 1 in the region
Re(s) > 1/2, this pole is simple with residue 2[r(1) /- Also,
it satisfies a functional equation.

It follows that Ep has a single pole in Re( )>1/2,ats =1,
and this pole is simple, with residue W Everything in
the theorem can be easily deduced from the following crucial
identity, which holds for Re(s) > 1:

k — 1 n n
(47T)s+lgsi[_r To(N ] Z b n(s)f,g),

and the properties of Ep(s) explained above.



The Rankin-Selberg method

(I) To prove the identity, we use as always the unfolding trick,
using that (z) = f(z)g(z)Im(z)¥ is -invariant

En)8) = e L, D 02 R0R)due)

YEM\T

1
_[l'()' r] Foo\%”

Im(z)0(2)dp(z) =



The Rankin-Selberg method

(I) But a simple calculation shows that
/ f(x+iy)g(x+iy)dx = Z anb e 4™
n>1

and the result follows by standard properties of the Mellin
transform. More precisely,

f(x+iy)g(x+/y Za e 27rnye217rnx Zb ef27rmyef2l7rmX)

= Z ap by e 2m(mn)y g2im(n—m)x

m,n

and the previous identity follows immediately.



Hecke operators

(I) Ramanujan conjectured the following amazing identity for
A=3017(n)g" € S

1
L(A,s) =
(8:2) 1;[ 1—7(p)p= + ptt=2’

i.e. an Euler product factorization of the L-function of A,
just as for Dirichlet characters!



Hecke operators

(I) Ramanujan conjectured the following amazing identity for
A=3017(n)g" € S

L(A,s):Hl_T( 1
P

p)pfs + p117257

i.e. an Euler product factorization of the L-function of A,
just as for Dirichlet characters!

(I1) Hecke proved this result by introducing an extremely
important class of operators on M, (N) and Sx(N), called
Hecke operators. Their definition looks very miraculous,
and it is not easy at this stage to motivate it...



Hecke operators

(I) The spaces My(N), Sk(N) turn out to be modules over the
gigantic polynomial ring

Ty = Z[To| p € {2,3,5,7,11,...}]

in infinitely many variables T,, indexed by prime numbers.

Let T$)") be the subring of Ty generated by T, with
ged(p, N) = 1.



Hecke operators

(I) The spaces My(N), Sk(N) turn out to be modules over the
gigantic polynomial ring

Ty = Z[To| p € {2,3,5,7,11,...}]

in infinitely many variables T,, indexed by prime numbers.

Let T$)") be the subring of Ty generated by T, with
ged(p, N) = 1.

(1) We call Ty (resp. Tst)) the universal Hecke algebra of
level N (resp. the same away from N).



Hecke operators

(I) What is this module structure? Brutally, we can define the
pth Hecke operator T, on M, (N) by

_lpil z4i k=1£(py
() = Of( : >+x(p)p f(p2),

=

where x(p) =1 if pis prime to N and x(p) =0if p| N. Be
careful that T, really depends on the level N since x(p)
depends on N.
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Hecke operators

What is this module structure? Brutally, we can define the
pth Hecke operator T, on M, (N) by

p

@) =23 f ( - ’) T (p)P* F(pz).
0

=

where x(p) =1 if pis prime to N and x(p) =0if p| N. Be
careful that T, really depends on the level N since x(p)
depends on N.

It is absolutely not obvious that T,(f) € My(N) and T,
sends Sk(N) into Sk(N), etc, see the slides at the end of the
lecture for the proof! The various T,'s commute (this is very
easy using the formula above).



Hecke operators
(I) One can define a Hecke operator T,, on M (N) and Sx(N) by

n@=1 ¥ #S (=57).

ad=n,a>0 b=0
ged(a,N)=1

Again, it is by no means obvious that T,(f) is in My(N) or
Sk(N).



Hecke operators
(I) One can define a Hecke operator T,, on M (N) and Sx(N) by

n@=1 ¥ #S (=57).

ad=n,a>0 b=0
ged(a,N)=1

Again, it is by no means obvious that T,(f) is in My(N) or
Sk(N).

(I1) Let am(f) be the mth Fourier coefficient in the g-expansion
of f at co. A simple computation gives

am(Ta(F)) = > d*Lam (f) = ap(Tpm(F)).
d|ged(m,n),gecd(d,N)=1
In particular we have the key formula al(T (f)=a (f) and

f):Zap,,( q" + x(p)p*~ 123”

n>0 n>0



Hecke operators

(I) Using the above formula in terms of g-expansions, it is not
difficult to check that

T Ty = > dk1 T
d|ged(m,n).ged(d,N)=1

in Endc(Mk(N)), in particular

TmTh = Tmn if ged(m, n) = 1.



Hecke operators

(I) Using the above formula in terms of g-expansions, it is not
difficult to check that

T Ty = > dk1 T
d|ged(m,n).ged(d,N)=1

in Endc(Mk(N)), in particular
TmTh = Tmn if ged(m, n) = 1.

(I1) The previous identity is equivalent to the following beautiful
equality of Dirichlet series with coefficients in Endc(Mg(N))

Z H — e H(l o Tpp—s + pk—1—25)—1
p

n>1 PN

= [1Q = Top™* + x(p)p*12) 1.
p



Eigenforms

(I) This identity is at the heart of all Euler factorizations of
L-functions of "nice” modular forms.



Eigenforms

(I) This identity is at the heart of all Euler factorizations of
L-functions of "nice” modular forms.

(I) We say that f € My(N) is a T y-eigenform if f is an
eigenvector of all T,. In this case f gives rise to a morphism
of rings

O : Ty — C, T(f) = Qf(T)f for T €T.

An identical discussion applies to ']TSVN). Obviously any

T n-eigenform is a T%,N)—eigenform, but the converse fails
badly when N > 1!



Eigenforms

(I) Note that if f is a Ty-eigenform, then writing T,(f) = Apf
we have

an(f) = a1(Tu(f)) = Anar(f),

and thus a;(f) # 0 (since f # 0) and we can normalise f
such that a;(f) =1, in which case T,(f) = a,f for all n.
We say that f is a normalized eigenform in this case.



Eigenforms

(I) Note that if f is a Ty-eigenform, then writing T,(f) = Apf
we have

an(f) = a1(Tu(f)) = Anar(f),

and thus a;(f) # 0 (since f # 0) and we can normalise f
such that a;(f) =1, in which case T,(f) = a,f for all n.
We say that f is a normalized eigenform in this case.

(I1) The Dirichlet series identity for the T,'s yields in this case

1
L(f,s) = — —,
1;Il—app *+x(p)pFt7%

thus the L-function of a normalized T y-eigenform has a nice
Euler factorization!



Eigenforms

(I) For instance, consider Sip. If f € Sip, then /A € My = C,
thus S15 is one-dimensional and A is necessarily a
normalized T;-eigenform and we obtain that L(A,s) has an
Euler factorisation as conjectured by Ramanujan! In
particular, if we write

g [T(x—a"*=>"r(n)a",

n>1 n>1
the sequence 7(n) is multiplicative and
T(p") = 7(p)r(p") — P (p" )

for all primes p and all n > 1.



Eigenforms

(I) Thus if f € Sk is a T1-eigenform, and if we factor
X? — apX + Pk_l = (X —arp)(X = Brp),

then

1
Lrs) =11 (1 —arpp==)(1—Brpp~*)

p



Eigenforms

(I) Thus if f € Sk is a T1-eigenform, and if we factor
X? — apX + Pk_l = (X —arp)(X = Brp),

then

1
Lrs) =11 (1 —arpp==)(1—Brpp~*)

p
(I1) If f, g are eigenforms, a long but simple calculation shows
that L(f ® g, s) also has an Euler factorization, with
1
(1 — arpBepp™)(1 — af pag,pp~*)

1
(L= Brpag.pp=) (1 = BrpBe.op)

L(f®g,s) =




Eigenforms

(I) A fundamental and quite subtle (not formal!) result is that
Hecke operators interact well with the Petersson inner
product:

Theorem For n prime to N the operator T, is self-adjoint
on Sk(N), and so is Wjyy. For general n the adjoint of T, is
W,gl ToWhy. In particular, if ged(n, N) =1 then T, and Wy
commute.
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Eigenforms

A fundamental and quite subtle (not formal!) result is that
Hecke operators interact well with the Petersson inner
product:

Theorem For n prime to N the operator T, is self-adjoint
on Sk(N), and so is Wjyy. For general n the adjoint of T, is
W,gl ToWhy. In particular, if ged(n, N) =1 then T, and Wy
commute.

The spectral theorem combined with the previous one show

that Sx(N) has an orthogonal basis consisting of ']I‘EVN) (but
not T )-eigenforms.



Atkin-Lehner theory

(I) Things are however much more subtle for T%,N)—eigenforms:
we can no longer assume that a;(f) # 0, and we have no
control at primes dividing .
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Atkin-Lehner theory

Things are however much more subtle for T%,N)—eigenforms:
we can no longer assume that a;(f) # 0, and we have no

control at primes dividing .

If fisa TSVN)—eigenform with a1(f) = 0, then as above we
get ap(f) = 0 for all n prime to N. The next result is the

heart of the Atkin-Lehner theory

Theorem (Atkin-Lehner's main lemma) If f € Sk(N)
satisfies a,(f) = 0 for all n prime to a given integer D, then
f(z) = X_,n 8p(p2z) for some g, € Sk(N/p).

The converse is triviall The classical proof is not very
enlightening (but only 4 pages long!), while the automorphic
proof, while conceptual and enlightening, is quite long.



Atkin-Lehner theory

(I) For each pair (d, M) of positive integers with dM | N we
have an injective morphism of ']I'S\,N)—modules

U =1gm: Sk(M) = Sk(N), f — (z — f(dz)).



Atkin-Lehner theory

(I) For each pair (d, M) of positive integers with dM | N we
have an injective morphism of ']I'S\,N)—modules

U =1gm: Sk(M) = Sk(N), f — (z — f(dz)).

(I1) In particular, if dM | N and f € Sx(M) is a TW)—eigenform,
then z — f(dz) is a T%,N)—eigenform having the same
T,-eigenvalue as f for all p prime to N! Thus
’]I‘gVN)—eigenspaces can have big dimension, contrary to
T n-eigenspaces.
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Sk = 7 g m(Sk(M)),  Sk(N)™™ = (Sk(N)*)*.
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(11) One can check by direct computation that Sx(N)°4 is stable
under Tp and by the Fricke involution Wjy. It follows that
Sk(N)¥ is also stable under Ty and Wiy.
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Atkin-Lehner theory

The old and new subspaces of Sx(N) are defined by

Sk = 7 g m(Sk(M)),  Sk(N)™™ = (Sk(N)*)*.
dM|N,M#N

One can check by direct computation that S(N)°'9 is stable
under Tp and by the Fricke involution Wjy. It follows that
Sk(N)¥ is also stable under Ty and Wiy.

The previous deep theorem ensures that whenever

f e Sk (N)**v is a T(M)-eigenform, we necessarily have
a1(f) # 0, thus we can normalise a;(f) = 1. We call such f
a newform or primitive form.



Atkin-Lehner theory

(I) We can now state the main results of Atkin-Lehner theory.

Theorem (Atkin-Lehner)
a) (multiplicity one) TSVN)—eigenspaces in Se(N)™¥ are

one-dimensional and generated by primitive forms.
b) Each primitive form is a Ty-eigenform and an eigenvector
of Wy, thus L(f,s) has an Euler factorization and A(f,s)

has a nice functional equation.

c) Sk(N)"¥ has a basis consisting of primitive forms.

One also gets a decomposition of T(N)—modules

Sk(N) — @ Ld I\/I(Sk new @ Sk new'

dM|N dM|N



Atkin-Lehner theory

(I) The proof of the following deep and beautiful strong
multiplicity one theorem crucially uses L-functions and
estimates on the growth of the coefficients of cusp forms
obtained via Rankin-Selberg:

Theorem (Atkin-Lehner) If f € Sx(M), g € Sk(N) are
primitive forms with a,(f) = ap(g) for all but finitely many
primes p, then M = N and f = g.



Two amazing theorems

(I) Here is the first amazing theorem:

Theorem (Shimura) If f =5 ., a,q" € Sk(N) is
primitive, then -

Q(f) :=Q(a1, a2, ...)

is a totally real number field in which a, are algebraic
integers. Moreover, for any o € Aut(C) the holomorphic
function f7 =3 -, 0(an)q" is a primitive form in Sk (N).

This is not too hard for N = 1: in this case if d = dim M
one easily checks that A"Ef(d_l_')Ek,lgng for0<i<d
form a basis of My and these forms have integer Fourier
coefficients. Using them, one checks that the subspace
My(Z) of My of forms with integer g-expansions is a lattice
in M, clearly stable under Hecke operators, and the result
follows easily.



Two amazing theorems

(I) And here is one jewel of mathematics:

Theorem (Shimura, Deligne, Deligne-Serre, Ribet) Let
f=>,51anq" € Sk(N) be a primitive form and let \ be a
place of K = Qf above some prime number ¢. There is a
continuous irreducible representation

P - Gal(@/(@) — GLQ(K)\)

such that for all primes p not dividing /N the representation
pf,x is trivial on the inertia group at p and

det(X — pra(Frob,)) = X2 — a, X 4 pk~L.
Moreover, the Ramanujan-Petersson conjecture holds:

lap| < Zp%.



Hecke operators: where from?

(I) The mechanism underlying the construction of Hecke
operators is very general, but quite abstract. Suppose that G
is a group acting A-linearly on the right on some A-module
M, where A is a commutative ring.
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(I1) Let ' be a subgroup of G with the property that N\I'gl is a
finite set for all g € G. This is equivalent to saying that
N g lg has finite index in T for all g € G.
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Hecke operators: where from?

The mechanism underlying the construction of Hecke
operators is very general, but quite abstract. Suppose that G
is a group acting A-linearly on the right on some A-module
M, where A is a commutative ring.

Let I be a subgroup of G with the property that '\['gl is a
finite set for all g € G. This is equivalent to saying that
N g lg has finite index in T for all g € G.

Each g € G gives rise to an operator

[Fgll:M" — M" m[rgl = Z m.x,
xer\rgr

depending only on 'gl.



Hecke operators: where from?

(I) Let T(G,T) = A[l'\G/TI] be the free A-module on double
classes gl with g € G. We have a natural bijection

Homage)(A[M\G], M) =~ M",

in particular taking M = A[l'\ G] with the obvious action of
G
End a6 (A[M\G]) ~ A[N\G]" ~ A[N\G/T].



Hecke operators: where from?

(I) Let T(G,T) = A[l'\G/TI] be the free A-module on double
classes gl with g € G. We have a natural bijection

Hom 4[] (A[M\G], M) = M",

in particular taking M = A[l'\ G] with the obvious action of
G
End a6 (A[M\G]) ~ A[N\G]" ~ A[N\G/T].

(I1) Since End[](A[l'\G]) has a natural ring structure, we get
one on T(G,T), and a T(G, I')-module structure on M".
This module structure is induced by the operators [[gl].



Hecke operators: where from?

(I) An example of such a situation is G = GL,(Q)* and I any
finite index subgroup of ['(1). We can take A= C (or Z)
and (for a fixed k)

M = Mi(T)

r

the union being over all finite index subgroups I' of I'(1).



Hecke operators: where from?

(I) An example of such a situation is G = GL,(Q)* and I any
finite index subgroup of ['(1). We can take A= C (or Z)
and (for a fixed k)

M = Mi(T)

=
the union being over all finite index subgroups I' of I'(1).

(I1) The group G acts (good exercise: why?) on M by

fleg(2) := det(g)"*f(gz)u(g, 2) "
and for any finite index subgroup I' of I'(1) we have

M (N =M ={meMmy=m, yeT}



Hecke operators: where from?
(I) Consider now N > 1, T =To(N) and the set

H, = {<8 2) € My(Z)| ad—bc = n, ged(a, N) =1, N | c}.

Since H, is stable under left and right multiplication by T, it
is a disjoint union of (finitely many, cf. below) double
classes, say H, = [[; Te;[", and thus we have an operator

T, = Z[ra,r] : Mi(N) = Mi(N).

Concretely,



Hecke operators: where from?

(I) But elementary divisors theorem easily implies that

d—1 2 b
o= 11 Hr(o d>’
ad=n,a>0 b=0
ged(a,N)=1

hence

d—1
a b
= % (] )
ad=n,a>0 b=0
ged(a,N)=1
which matches the definition we initially took for T,. Now
we finally know that T, sends modular forms to modular

forms!



Hecke operators: where from?

(I) Using this description, one can also prove that Hecke
operators are self-adjoint, as follows (the proof is quite
tricky). If a € G := GLp(Q)" let a* = det(a)a™!. In a first
step one proves that (f|xa, g) = (f, g|xa*) by a change of
variable.
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operators are self-adjoint, as follows (the proof is quite
tricky). If a € G := GLp(Q)" let a* = det(a)a™!. In a first
step one proves that (f|xa, g) = (f, g|xa*) by a change of
variable.

(1) Using also the independence of the Petersson inner product
with respect to the level, it follows that if FTal’ = [] Fa; then

(fllFall, g) = (£, glkaj)
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Hecke operators: where from?

Using this description, one can also prove that Hecke
operators are self-adjoint, as follows (the proof is quite
tricky). If a € G := GLp(Q)" let a* = det(a)a™!. In a first
step one proves that (f|xa, g) = (f, g|xa*) by a change of
variable.

Using also the independence of the Petersson inner product
with respect to the level, it follows that if FTal’ = [] Fa; then

(fl[Fal], &) = (f, ) _ glkaf)

The tricky thing is to prove that one can choose the «;’s
such that F'a*I = [[ '}, as then one can repeat the above
argument and get

[Fal]* = [Fa™T].

This easily implies the result, coming back to the description
of T, in terms of double classes.



Hecke operators: where from?

(I) Elementary manipulations reduce this to showing that one
can choose «; such that Fall = [[Ta; = [[ oI, and simple
group theory reduces this further to

|IM\lFal| = |Fal/T].

This in turn reduces to checking that I N a~'Ta and
[N (a*)"Fa* have the same co-volume, which is easy
enough.



